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Abstract
We derive the gravitational energy momentum tensor τηα for a general Lagrangian of any
order L = L (gµν , gµν,i1 , gµν,i1i2 , gµν,i1i2i3 , · · · , gµν,i1i2i3···in) and in particular for a Lagrangian
such as Lg = (R + a0R
2 +
∑p
k=1
akR
kR)
√
−g. We prove that this tensor, in general, is not
covariant but only affine, then it is a pseudo-tensor. Furthermore, the pseudo-tensor τηα is
calculated in the weak field limit up to a first non-vanishing term of order h2 where h is the
metric perturbation. The average value of the pseudo-tensor over a suitable spacetime domain
is obtained. Finally we calculate the power per unit solid angle Ω carried by a gravitational
wave in a direction xˆ for a fixed wave number k under a suitable gauge. These results are
useful in view of searching for further modes of gravitational radiation beyond the standard
two modes of General Relativity and to deal with nonlocal theories of gravity where terms
involving R are present. The general aim of the approach is to deal with theories of any order
under the same standard of Landau pseudo-tensor.
1 Introduction
It is well know that there are many procedures for the calculation of energy momentum tensor of
the gravitational field in General Relativity and many possible its definitions. This object behaves
like a tensor under a linear coordinate transformation, in this case it is an affine tensor or a pseudo-
tensor, but it does not behaves like a tensor under general coordinate transformations: in this
case we are dealing with a non-covariant tensor. In general, the energy and the momentum of the
gravitational field plus matter fields are conserved in an appropriate spatially infinite region even
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if the gravitational energy cannot be localized. Landau and Lifshitz pointed out these features of
the gravitational stress-energy tensor that, in General Relativity is a pseudo-tensor [1].
However any alternative theory of gravity can present the same problem so a general method
to deal with gravitational energy-momentum pseudo-tensor is needed for several practical issues
ranging from the investigation of further gravitational modes in gravitational radiation, up to the
identification and classification of nonlocal gravitational terms. In particular, such terms are now
assuming a fundamental role starting from quantization of gravity up to dark energy cosmology [2].
Up to now, there is no final quantum theory of gravity, but several proposals indicate the
existence of intrinsic extended structures in spacetime geometry [3, 4]. Such features are always
related to effective nonlocal behaviors of spacetime and imply, in general, higher-order terms in the
effective interaction Lagrangian [5, 6, 7, 8]. In string theory, for example, the measure of spacetime
is impossible below the string scale and then the theory gives rise, intrinsically, to effective nonlocal
behaviors [9, 10]. A similar situation comes out in loop-quantum gravity where minimal areas have
to be taken into account [11]. In general, any theory of quantum gravity presents intrinsic extended
structures comparable to the Planck length. These structures prevents to probe geometry below a
given scale [12, 13].
Quantum gravitational effects produce nonlocality and then higher order terms in the effective
gravitational Lagrangian[3, 4, 14, 15]. In cosmology, nonlocality could be related to the cosmic
acceleration [16, 17]. In astrophysics, dark matter phenomena and the same Modified Newtonian
Dynamics could be explained in view of nonlocality [18, 19].
Specifically, any nonlocal term could be represented as some R or kR terms or similar
terms in the effective gravitational Lagrangian and this feature give rise to extensions of General
Relativity. In view of these facts, it is extremely important to fix and classify general properties of
nonlocal terms, in particular the features of gravitational stress-energy pseudo-tensor where they
are involved.
The aim of this paper is to generalize the Landau Lifshitz pseudo-tensor to Extended Theories
of Gravity [20, 21] where Lagrangians depend on metric tensor derivatives up to nth order. We
will show that such a tensor, despite depending on metric tensor derivatives higher than second
order and therefore cannot vanish in an appropriate chart, is an affine non-covariant tensor, then
it is a pseudo-tensor in the Landau sense. At first glance, it might sound strange that using
covariant objects, such as the tensor gµν or scalar densities of weight w = −1, like the Lagrangian
L and metric determinant
√−g, we obtain an affine object τηα that transforms like a tensor under
affinities but not under general diffeomorphisms. However there are other examples of affine object
in General Relativity, e.g. affine connections Γ, that we can call pseudo-tensorial field [22], that not
being a covariant tensor, transforms like a tensor under affinity transformations. The reason of this
behavior is in the definition of the gravitational energy momentum tensor τηα and affine connection
Γ: both of them are functions of ordinary derivatives of the metric gµν and then are non-covariant
objects. Furthermore the energy of the gravitational field still is not localizable.
However, in the weak-field limit, after a suitable gauge choice, the gravitational energy-momentum
pseudo-tensor for a Lagrangian of nth order becomes a more manageable object after it has been
averaged over a suitable spacetime domain. In fact, after an accurate average procedure, it would
be possible to calculate the power of emitted gravitational radiation by some astrophysical source.
The approach can be relevant in order to investigate possible additional polarization states of grav-
itational waves besides the standard two of General Relativity [23, 24].
The paper is organized as follows. In Sec. 2 we obtain the gravitational energy momentum
tensor for a general Lagrangian of nth order in two ways: by locally varying the gravitational
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Lagrangian and by adopting the Landau-Lifshitz procedure [1]. Hence in Sec. 3, we prove that this
tensor is an affine tensor and not a covariant one. In Sec. 4 we calculate the stress energy pseudo-
tensor of gravitation field for a particular Lagrangian Lg = (R+ a0R
2+
∑p
k=1 akR
kR)
√−g. Sec.
5, is devoted to the weak-field limit of the gravitational stress-energy pseudo-tensor. We expand
the gravitational energy-momentum pseudo-tensor in the metric perturbation h up to the h2 order
by providing two simple cases where the index p is equal to 0 and 1. In Sec. 6, the average
value of gravitational energy-momentum pseudo-tensor on a 4-dimensional region is calculated.
We assume that the region is large enough that any integral asymptotically vanishes. Explicit
calculations of emitted power are performed in view of applications to the gravitational waves
physics. Conclusions are drawn in Sec.7. Finally in Appendix A, we give the demonstration that
the additive terms related to the symmetries of gµν and its derivatives are on average equal to zero,
i.e. 〈(Ap)ηα〉 = 〈(Bp)ηα〉 = 0, and, in Appendix B, we explicitly show the six polarization tensors
related to the gravitational waves derived from higher-order theories.
2 The gravitational energy-momentum tensor of Fourth-Order
Gravity
Let us calculate the stress-energy tensor for a gravitational Lagrangian depending on metric
tensor gµν and its derivatives
1 up to fourth order L = L (gµν , gµν,ρ, gµν,ρλ, gµν,ρλξ, gµν,ρλξσ). This
choice is due to the fact that considering all the possible curvature invariants, without  operators
into the gravitational action, the field equations results of fourth order in metric formalism (see
also [25, 26]). After, we will generalize the approach to a gravitational Lagrangian depending on
metric tensor derivatives up to nth order. We will derive the stress-energy tensor both adopting
the procedure by Landau [1] and varying locally the Lagrangian.
Let us consider the variation of the action integral with respect to metric gµν and coordinates
xµ [20, 27, 28]:
I =
∫
Ω
d4xL→ δ˜I =
∫
Ω′
d4x′L′ −
∫
Ω
d4xL =
∫
Ω
d4x [δL+ ∂µ (Lδx
µ)] (2.1)
where δ˜ means the local variation while δ means the total variation because keeps the value of
coordinate x fixed. For an infinitesimal transformations like:
x′µ = xµ + ǫµ (x) (2.2)
we obtain the total variation of the metric tensor:
δgµν = g
′
µν (x)− gµν (x) = −ǫα∂αgµν − gµα∂νǫα − gνα∂µǫα (2.3)
The functional variation of the metric under global transformation ∂λǫ
µ = 0 is δgµν = −ǫα∂αgµν
and if we require the action to be invariant under this transformation, that is δ˜I = 0, for a arbitrary
volume of integration Ω, we get:
0 = δL+ ∂µ (Lδx
µ) =
(
∂L
∂gµν
− ∂ρ ∂L
∂gµν,ρ
+ ∂ρ∂λ
∂L
∂gµν,ρλ
− ∂ρ∂λ∂ξ ∂L
∂gµν,ρλξ
+∂ρ∂λ∂ξ∂σ
∂L
∂gµν,ρλξσ
)
δgµν + ∂η
(
2χ
√−gτηα
)
ǫα
(2.4)
1 The metric signature of gµν is (+ ,− ,− ,−), Ricci tensor is defined as Rµν = R
ρ
µρν and Riemann tensor
as Rα
βµν
= Γα
βν,µ
+. . .
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By imposing the constrain on metric tensor gµν that satisfies the Euler-Lagrange equations for a
gravitational Lagrangian:
∂L
∂gµν
− ∂ρ ∂L
∂gµν,ρ
+ ∂ρ∂λ
∂L
∂gµν,ρλ
− ∂ρ∂λ∂ξ ∂L
∂gµν,ρλξ
+ ∂ρ∂λ∂ξ∂σ
∂L
∂gµν,ρλξσ
= 0 (2.5)
we get a continuity equation:
∂η
(√−gτηα) = 0 (2.6)
for an arbitrary ǫα and τηα is the stress-energy tensor for a gravitational field defined as:
τηα =
1
2χ
√−g
[(
∂L
∂gµν,η
− ∂λ ∂L
∂gµν,ηλ
+ ∂λ∂ξ
∂L
∂gµν,ηλξ
− ∂λ∂ξ∂σ ∂L
∂gµν,ηλξσ
)
gµν,α
+
(
∂L
∂gµν,ρη
− ∂ξ ∂L
∂gµν,ρηξ
+ ∂ξ∂σ
∂L
∂gµν,ρηξσ
)
gµν,αρ +
(
∂L
∂gµν,ρλη
− ∂σ ∂L
∂gµν,ρλησ
)
gµν,ρλα
+
∂L
∂gµν,ρλησ
gµν,ρλξα − δηαL
] (2.7)
In a more compact form:
τηα =
1
2χ
√−g
[ 3∑
m=0
(−1)m
(
∂L
∂gµν,ηi0···im
)
,i0···im
gµν,α
+
2∑
j=0
3∑
m=j+1
(−1)j
(
∂L
∂gµν,ηi0···im
)
,i0···ij
gµν,ij+1···imα − δηαL
]
(2.8)
where we used the following notation:
(),i0 = 1; (),i0···im =


(),i1 if m = 1
(),i1i2 if m = 2
(),i1i2i3 if m = 3
and so on
; (),ikik = (),ik
Let us now consider a general Lagrangian density depending up to nth derivative of gµν that
is L = L (gµν , gµν,i1 , gµν,i1i2 , gµν,i1i2i3 , · · · , gµν,i1i2i3···in). The most general total variation of L and
the Euler-Lagrange equations for this Lagrangian are:
δL =
n∑
m=0
∂L
∂gµν,i0···im
δgµν,i0···im =
n∑
m=0
∂L
∂gµν,i0···im
∂i0···imδgµν (2.9)
n∑
m=0
(−1)m ∂i0···im
∂L
∂gµν,i0···im
= 0 (2.10)
where δgµν,i0···im = ∂i0···imδgµν because we are varying keeping x fixed. Proceeding in the same way
as for fourth order gravity, we find a conserved quantity that satisfies a more general conservation
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law which allows us to define the energy momentum pseudo-tensor (which is an affine tensor as it
will be proved later) for the gravitational field of nth order gravity
τηα =
1
2χ
√−g
[n−1∑
m=0
(−1)m
(
∂L
∂gµν,ηi0···im
)
,i0···im
gµν,α
+Θ[2,+∞[ (n)
n−2∑
j=0
n−1∑
m=j+1
(−1)j
(
∂L
∂gµν,ηi0···im
)
,i0···ij
gµν,ij+1···imα − δηαL
] (2.11)
where Θ is the step function:
Θ[a,+∞[ (n) =
{
1 if n ∈ [a,+∞[
0 otherwise
(2.12)
An alternative way to obtain the tensor (2.11) is the procedure developed by Landau [1]. We will
consider, as example, the tensor derived from forth gravity (2.8): the generalization to higher order
Lagrangians is formally identical. First of all, let us impose the stationary condition and vary the
action with respect to the metric to find the field equations under the hypothesis that both δgµν
and the variation of derivative δ∂ng vanishing on the boundary of integration domain to cancel the
surface integrals. Hence we have:
δI = δ
∫
Ω
d4xL (gµν , gµν,ρ, gµν,ρλ, gµν,ρλξ, gµν,ρλξσ) = 0 (2.13)
l
∂L
∂gµν
− ∂ρ ∂L
∂gµν,ρ
+ ∂ρ∂λ
∂L
∂gµν,ρλ
− ∂ρ∂λ∂ξ ∂L
∂gµν,ρλξ
+ ∂ρ∂λ∂ξ∂σ
∂L
∂gµν,ρλξσ
= 0 (2.14)
Now we calculate the derivative and then substitute into the field equations. We have:
∂L
∂xα
=
∂L
∂gµν
∂gµν
∂xα
+
∂L
∂gµν,ρ
∂gµν,ρ
∂xα
+
∂L
∂gµν,ρλ
∂gµν,ρλ
∂xα
+
∂L
∂gµν,ρλξ
∂gµν,ρλξ
∂xα
+
∂L
∂gµν,ρλξσ
∂gµν,ρλξσ
∂xα
=∂ρ
∂L
∂gµν,ρ
gµν,α − ∂ρ∂λ ∂L
∂gµν,ρλ
gµν,α + ∂ρ∂λ∂ξ
∂L
∂gµν,ρλξ
gµν,α − ∂ρ∂λ∂ξ∂σ ∂L
∂gµν,ρλξσ
gµν,α
+
∂L
∂gµν,ρ
gµν,ρα +
∂L
∂gµν,ρλ
gµν,ρλα +
∂L
∂gµν,ρλξ
gµν,ρλξα +
∂L
∂gµν,ρλξσ
gµν,ρλξσα
=∂ρ
(
∂L
∂gµν,ρ
gµν,α
)
− ∂ρ
(
∂λ
∂L
∂gµν,ρλ
gµν,α
)
+ ∂λ
(
∂L
∂gµν,ρλ
gµν,ρα
)
+ ∂ρ
(
∂λ∂ξ
∂L
∂gµν,ρλξ
gµν,α
)
+ ∂λ
(
∂L
∂gµν,ρλξ
gµν,ρξα
)
− ∂ξ
(
∂λ
∂L
∂gµν,ρλξ
gµν,αρ
)
− ∂ρ
(
∂λ∂ξ∂σ
∂L
∂gµν,ρλξσ
gµν,α
)
+ ∂λ
(
∂L
∂gµν,ρλξσ
gµν,ρξσα
)
− ∂ξ
(
∂λ
∂L
∂gµν,ρλξσ
gµν,ρσα
)
+ ∂σ
(
∂ξ∂λ
∂L
∂gµν,ρλξσ
gµν,ρα
)
(2.15)
Grouping together terms and renaming dumb indices, we get:
∂η
(√−gτηα) = 0 (2.16)
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where τηα is the tensor defined in (2.8).
If we consider also the material Lagrangian Lm = 2χ
√−gLm whose stress-energy tensor is defined
as:
T ηα =
2√−g
δ (
√−gLm)
δgηα
(2.17)
the field equations in presence of matter become P ηα = χT ηα where
P ηα = − 1√−g
δLg
δgηα
, with the coupling χ =
8πG
c4
(2.18)
From these field equations, we obtain:(
2χ
√−gτηα
)
,η
= −√−gP ρσgρσ,α = −χ
√−gT ρσgρσ,α = 2χ
√−gT ηα;η −
(
2χ
√−gT ηα
)
,η
(2.19)
∂η
[√−g (τηα + T ηα)] = √−gT ηα;η (2.20)
since
δL+ ∂µ (Lδx
µ) = −Pµν√−gδgµν + ∂η
(
2χ
√−gτηα
)
ǫα =
[√−gPµνgµν,α + ∂η (2χ√−gτηα)] ǫα = 0
(2.21)
and also because for a symmetric tensor T ηα , one has
√−gT ηα;η =
(√−gT ηα),η − 12gρσ,αT ρσ√−g (2.22)
The contracted Bianchi identities imply the conservation law of the sum of two stress-energy tensors,
i.e. matter plus gravitational field, and conversely:
Gηα;η = 0↔ P ηα;η = 0↔ T ηα;η = 0↔ ∂η
[√−g (τηα + T ηα)] = 0 (2.23)
where Gηα = Rηα − 1
2
gηαR is the Einstein tensor. In the other worlds, the contracted Bianchi iden-
tities involve the conservation both of matter and gravitational field or, viceversa, the conservation
of matter and gravitational field involves the Bianchi identities for the Einstein tensor (see also [29]
for a detailed discussion in alternative gravity).
From the continuity equation (2.23), it is possible to derive some conserved quantities, such as
the total 4-momentum and the total angular momentum of matter plus gravitational field, if we
assume the metric tensor derivatives up to the nth order vanishing on the 3-dimensional space-
domain Σ, the surface integral cancels out over the boundary ∂Σ, that is
∂0
∫
Σ
d3x
√−g (T µ0 + τµ0) = − ∫
∂Σ
dσi
√−g (T µi + τµi) = 0 (2.24)
where Σ is a slice of 4-dimensional manifold of spacetime at t fixed and ∂Σ its boundary. Hence
the total 4-momentum conserved is [30]
Pµ =
∫
Σ
d3x
√−g (T µ0 + τµ0) (2.25)
This quantity is extremely useful for practical applications in relativistic astrophysics [31].
6
3 Non-covariance of gravitational energy-momentum tensor
It is possible to prove that the tensor τηα is not generally covariant but it is a tensor only under
affine transformations [22], that is a pseudo-tensor. Firstly we consider the particular case of the
tensor (2.11) for n = 2:
τηα =
1
2χ
√−g
[(
∂L
∂gµν,η
− ∂λ ∂L
∂gµν,ηλ
)
gµν,α +
∂L
∂gµν,ηξ
gµν,ξα − δηαL
]
(3.1)
It is possible to show that, under a general diffeomorphism transformation x′ = x′ (x), it is
τ ′ηα (x
′) 6= JησJ−1τατστ (x) (3.2)
where the Jacobian matrix and determinant are defined as
Jησ =
∂x′η
∂xσ
J−1τα =
∂xτ
∂x′α
det
(
Jαβ
)
= |J | = 1
J−1
(3.3)
On the other hand, under linear or affine transformations:
x′µ = Λµνx
ν + aµ Jµν = Λ
µ
ν |Λ| 6= 0 (3.4)
the tensor transforms as
τ ′ηα (x
′) = ΛησΛ
−1τ
ατ
σ
τ (x) (3.5)
In general, it is possible to obtain the following identities:√
−g′ = √−g where g is a scalar density of weight w = −2
L′ = J−1L where L is a scalar density of weight w = −1
g′µν,α (x
′) = J−1aµJ
−1b
νJ
−1c
αgab,c (x) + ∂
′
α
[
J−1aµJ
−1b
ν
]
gab (x)
∂gγρ,τ
∂g′µν,η
=
1
2
[(δµa δ
ν
b + δ
ν
aδ
µ
b ) δ
η
c ] J
a
γJ
b
ρJ
c
τ = J
(µ
γ J
ν)
ρ J
η
τ
∂L′
∂g′µν,η
= J−1J(µγ J
ν)
ρ J
η
τ
∂L
∂gγρ,τ
= J−1JµγJ
ν
ρJ
η
τ
∂L
∂gγρ,τ
tensorial density (3,0) of weight w = −1
g′µν,ξα (x
′) = J−1aµJ
−1b
νJ
−1c
αJ
−1d
ξgab,cd (x) + ∂
′2
ξα
[
J−1aµJ
−1b
ν
]
gab (x)
+ ∂′α
[
J−1aµJ
−1b
ν
]
J−1dξgab,d (x) + ∂
′
ξ
[
J−1aµJ
−1b
νJ
−1c
α
]
gab,c (x)
∂gγρ,τǫ
∂g′µν,ηξ
=
(
δ(µa δ
ν)
b δ
(η
c δ
ξ)
d
)
JaγJ
b
ρJ
c
τJ
d
ǫ = J
(µ
γ J
ν)
ρ J
(η
τ J
ξ)
ǫ
∂L′
∂g′µν,ηξ
= J−1J(µγ J
ν)
ρ J
(η
τ J
ξ)
ǫ
∂L
∂gγρ,τǫ
= J−1JµγJ
ν
ρJ
η
τJ
ξ
ǫ
∂L
∂gγρ,τǫ
tensorial density (4,0) of weight w = −1
∂′λ
∂L′
∂g′µν,ηλ
= J−1JµγJ
ν
ρJ
η
τJ
λ
ǫ J
−1σ
λ∂σ
∂L
∂gγρ,τǫ
+ ∂′λ
[
J−1JµγJ
ν
ρJ
η
τJ
λ
ǫ
] ∂L
∂gγρ,τǫ
7
being A(αβ)Bαβ = A
αβBαβ, if Bαβ is symmetric, it is Bαβ = Bβα. Hence we get:
∂L′
∂g′µν,η
g′µν,α = J
−1JητJ
−1π
α
∂L
∂gγρ,τ
gγρ,π (x) +
∂
∂x′α
[
J−1aµJ
−1b
ν
]
gab (x) J
−1JµγJ
ν
ρJ
η
τ
∂L
∂gγρ,τ
∂′λ
∂L′
∂g′µν,ηλ
g′µν,α (x
′) = J−1JητJ
−1c
α∂σ
∂L
∂gab,τσ
gab,c+∂
′
λ
[
J−1JµγJ
ν
ρJ
η
τJ
λ
ǫ
]
∂′α
[
J−1aµJ
−1b
ν
]
gab (x)
∂L
∂gγρ,τǫ
+ J−1JµγJ
ν
ρJ
η
τ∂σ
∂L
∂gγρ,τσ
∂′α
[
J−1aµJ
−1b
ν
]
gab + ∂
′
λ
[
J−1JµγJ
ν
ρJ
η
τJ
λ
ǫ
]
J−1aµJ
−1b
νJ
−1c
α
∂L
∂gγρ,τǫ
gab,c
∂L′
∂g′µν,ηξ
g′µν,ξα (x
′) = J−1JητJ
−1ω
α
∂L
∂gγρ,τǫ
gγρ,ωǫ (x) + J
−1∂′2ξα
[
J−1aµJ
−1b
ν
]
gab (x) J
µ
γJ
ν
ρJ
η
τJ
ξ
ǫ
∂L
∂gγρ,τǫ
+ J−1∂′α
[
J−1aµJ
−1b
ν
]
gab,d (x) J
µ
γJ
ν
ρJ
η
τ
∂L
∂gγρ,τd
+ J−1JµγJ
ν
ρJ
η
τJ
ξ
ǫ∂
′
ξ
[
J−1aµJ
−1b
νJ
−1c
α
]
gab,c (x)
∂L
∂gγρ,τǫ
Finally, considering the previous relations we obtain:
τ ′ηα (x
′) = JησJ
−1τ
ατ
σ
τ (x) +
{
terms containing
∂2x
∂x′2
,
∂3x
∂x′3
}
(3.6)
This result proves the non-covariance of the stress-energy tensor of the gravitational field which is
invariant under affine transformations because of additional terms containing derivatives of order
higher than or equal to two vanish for any non-singular linear transformation. This result stems
from the non-covariance of the derivatives of the metric tensor gµν . Such derivatives give rise to an
affine tensor. In general, considering
g′µν,i1···imα (x
′) = J−1αµJ
−1β
νJ
−1j1
i1
· · · J−1jmim J−1ταgαβ,j1···jmτ (x)
+
{
containing terms
∂2x
∂x′2
, · · · , ∂
m+2x
∂x′m+2
}
and
∂L′
∂g′µν,ηi0···im
= J−1JµγJ
ν
ρJ
η
τJ
i1
j1
· · · Jimjm
∂L
∂gγρ,τj1···jm
tensorial density (m+3,0) of weight w = −1
the non-covariance of tensor τηα comes out. On the other hand, under affine transformations, we
have:
∂2x
∂x′2
= · · · = ∂
m+2x
∂x′m+2
= 0
τ ′ηα (x
′) = ΛησΛ
−1τ
ατ
σ
τ (x)
that is, the energy momentum tensor of gravitational field is an affine pseudo-tensor. This result
generalize to Extended Theories of Gravity the result in [1]. The affine character of the stress-
energy tensor τηα is related to the nonlocality of gravitational energy, namely, gravitational energy
in a finite-dimensional domain, at a given time, depends on the choice of coordinate system [32, 30].
It is worth noticing that the existence of particular Lagrangians, giving rise to energy momentum
tensors τηα where terms depending on derivatives in the parentheses of (3.6) as
∂2x
∂x′2
, · · · , ∂m+2x
∂x′m+2
elide
each other cannot be excluded a priori. In such cases, the energy momentum tensor τηα would be
covariant as well as affine, becoming an effective tensor and not a pseudo-tensor. However, due to
the structure of (3.6), τηα is, in general, a pseudo-tensor.
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4 The gravitational energy-momentum pseudo-tensor of Higher
than Fourth-Order Gravity
Let us consider now higher than fourth order theories of gravity where nonlocal terms contain-
ing  operators are present in the action. Such theories are becoming extremely interesting in
supergravity and, in general, in gauge theories dealing with gravity [33, 34, 35]. These theories are
relevant not only as effective field theories, but also as fundamental theories. Indeed, there is at
least a subclass of local higher derivative theories, the so called Lee-Wick theories, that is unitary
and super-renormalizable or finite at quantum level as demonstrated in [7, 8].
Specifically. we want to calculate the energy momentum pseudo-tensor τηα for a gravitational
Lagrangian
Lg = (R+ a0R
2 +
p∑
k=1
akR
kR)
√−g (4.1)
where R is the linear part of the Ricci scalar R. Such a Lagrangian has been first considered in
[36]. In fact, it is possible to split the scalar curvature R in linear and quadratic part: the former
R depends only on first derivative of metric tensor gµν while the latter depends linearly on second
derivative of metric tensor as follows [1, 22, 37]
R = R⋆ +R (4.2)
R⋆ = gµν
(
Γρµν,ρ − Γρµρ,ν
)
(4.3)
R = gµν
(
ΓσµνΓ
ρ
σρ − ΓρµσΓσνρ
)
(4.4)
In order to obtain the pseudo-tensor τηα , we have to calculate the following derivatives
∂L
∂gµν,η
=
√−g
[
∂R
∂gµν,η
+
(
2a0R+
p∑
k=1
ak
kR
)
∂R
∂gµν,η
+
p∑
k=1
akR
∂kR
∂gµν,η
]
(4.5)
− ∂λ
(
∂L
∂gµν,ηλ
)
= −∂λ
(
√−g
[(
2a0R+
p∑
k=1
ak
kR
)
∂R
∂gµν,ηλ
+
p∑
k=1
akR
∂kR
∂gµν,ηλ
])
(4.6)
n−1∑
m=2
(−1)m
(
∂L
∂gµν,ηi0···im
)
,i0···im
=
n−1∑
m=2
p∑
k=1
(−1)m ∂i0···im
[√−gakR ∂kR
∂gµν,ηi0···im
]
=
p∑
k=1
2p+3∑
m=2
(−1)m ∂i0···im
[√−gakR ∂kR
∂gµν,ηi0···im
]
=
p∑
k=1
2k+1∑
m=2
(−1)m ∂i0···im
[√−gakR ∂kR
∂gµν,ηi0···im
]
(4.7)
where λ = i1, n = 2p+ 4 and
∂kR
∂gµν,ηi0···im
= 0 if m > 2k + 1 (4.8)
Hence, one gets
n−2∑
j=0
n−1∑
m=j+1
(−1)j
(
∂L
∂gµν,ηi0···im
)
,i0···ij
=
p∑
h=1
2p+2∑
j=0
2p+3∑
m=j+1
(−1)j
(√−gahR ∂hR
∂gµν,ηi0···im
)
,i0···ij
(4.9)
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So, considering that j + 1 ≤ m ≤ 2h+ 1 → j ≤ 2h, we finally obtain:
n−2∑
j=0
n−1∑
m=j+1
(−1)j
(
∂L
∂gµν,ηi0···im
)
,i0···ij
=
p∑
h=1
2h∑
j=0
2h+1∑
m=j+1
(−1)j
(√−gahR ∂hR
∂gµν,ηi0···im
)
,i0···ij
By substituting these expressions into (2.11), we get the gravitational stress-energy pseudo-tensor
for the Lagrangian (4.1)
τηα = τ
η
α|GR+
1
2χ
√−g
{
√−g
(
2a0R +
p∑
k=1
ak
kR
)[
∂R
∂gµν,η
gµν,α +
∂R
∂gµν,ηλ
gµν,λα
]
− ∂λ
[
√−g
(
2a0R+
p∑
k=1
ak
kR
)
∂R
∂gµν,ηλ
]
gµν,α
+Θ[1,+∞[ (p)
p∑
h=1
{
2h+1∑
q=0
(−1)q ∂i0···iq
[√−gahR ∂hR
∂gµν,ηi0···iq
]
gµν,α
+
2h∑
j=0
2h+1∑
m=j+1
(−1)j ∂i0···ij
[√−gahR ∂hR
∂gµν,ηi0···im
]
gµν,ij+1···imα
}
− δηα
(
a0R
2 +
p∑
k=1
akR
kR
)
√−g
}
(4.10)
where we used the notation ∂i0 = 1 and where, with τ
η
α|GR, we indicate the energy momentum
pseudo-tensor of General Relativity [32] as
τ
η
α|GR =
1
2χ
(
∂R
∂gµν,η
gµν,α − δηαR
)
(4.11)
We replaced the term
√−gR, that is a density scalar, with the effective one √−gR that is no
longer a density scalar. This because only the effective term of the curvature R contributes to
the field equations and not the one that depends on the second derivatives of the metric tensor.
This consideration makes stress-energy pseudo-tensor easier to be integrated at fixed time t over
3-dimensional spatial domains and then allows independent calculations of energy and momentum.
These results are a straightforward generalization of those in [27].
An important generalization of local Lagranian (4.1) can be achieved for p→∞. In such a case,
it becomes nonlocal. Studying this kind of nonlocal Lagrangians, exact or in weak approximation,
is a fundamental issue for several reasons: for example, it is worth for regularizing local terms
which present problems with divergences. Under suitable assumptions for the coefficients ak (e.g.∑∞
k=0 |ak| <∞ ) and for the domain of the linear differential operator Dp
Dp =
p∑
k=0
ak
k , (4.12)
which guarantee the weak or strong convergence:
lim
p→∞
p∑
k=0
ak
k = F () , (4.13)
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our local action becomes non local, i.e.
I =
∫
Ω
d4x
[
R+RF ()R
]√−g . (4.14)
In this case, nonlocality makes differential operators of infinite order and then integral operators
like
Φ (x) =
∫
Ω
d4yF (x− y)R (x) = F ()R (x) (4.15)
Let us perform now the limit n → ∞ for the energy momentum pseudo-tensor in (2.11) derived
from a n-order Lagrangian. We want to study the behavior of the pseudo-tensor (2.11) in a nonlocal
theory, that is:
lim
n→∞
τηα (x) = τ
η
α (x) (4.16)
Under the hypothesis that τηα (x) transforms as an affine object, let us show that also its limit for
n→∞, i.e. τηα (x), is an affine pseudo-tensor. For an affine transformation
x′µ = Λµνx
ν + aµ |Λ| 6= 0 (4.17)
the following affine pseudo-tensor transforms as :
τηα (x) = Λ
−1η
σΛ
τ
ατ
′σ
τ (x
′) . (4.18)
Substituting (4.18) in (4.16), we have:
τηα (x) = lim
n→∞
Λ−1ησΛ
τ
ατ
′σ
τ (x
′) = Λ−1ησΛ
τ
α lim
n→∞
τ ′στ (x
′) = Λ−1ησΛ
τ
ατ
′σ
τ (x
′) (4.19)
which means that τστ (x) transforms as an affine object also in the limit n→∞.
5 The weak-field limit of energy-momentum pseudo-tensor
The above energy-momentum pseudo-tensor (4.10) derived from the Lagrangian (4.1) can be
expanded in order to derive the weak-field limit. For this purpose, we can write the spacetime
metric as
gµν = ηµν + hµν being |hµν | ≪ 1 (5.1)
where ηµν is the Minkowski metric and h = η
µνhµν is the trace of perturbation. We expand the
energy momentum pseudo-tensor in power of h to lower order considering terms up to h2. Let us
start to expand the pseudo-tensor (4.11) in harmonic coordinates where gµνΓσµν = 0. The linear
part of the Ricci scalar R becomes:
R = −gµν (ΓρµσΓσνρ) (5.2)
that is
R = −1
4
gµνgσλgρǫ (gǫµ,σ + gǫσ,µ − gµσ,ǫ) (gλν,ρ + gλρ,ν − gνρ,λ) (5.3)
Approximating up to second order h2, we have:
(
∂R
∂gαβ,γ
)(1)
(gαβ,δ)
(1) h
2
=
(
1
2
hαβ γ, hαβ,δ − hγα β, hαβ,δ
)
(5.4)
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being:
∂R
∂gαβ,γ
gαβ,δ = −1
4
{(
gµβgσαgǫγ + gµγgσαgβǫ − gµαgσγgβǫ) (gǫµ,σ + gǫσ,µ − gσµ,ǫ)
+
(
gβνgγλgρα + gγνgβλgρα − gαλgβνgργ) (gλν,ρ + gλρ,ν − gνρ,λ)
}
gαβ,δ
(5.5)
and also
R
(2)
= −1
4
(
hσλ,ρh
ρ
λσ, − 2hσλ,ρhρλ,σ
)
(5.6)
Thus we substitute these terms into (4.11) and we find the explicit expression for the stress-energy
pseudo-tensor in General Relativity up to order h2
τ
η
α|GR =
1
2χ
[
1
2
hµν,ηhµν,α − hηµ,νhµν,α − 1
4
δηα
(
hσλ,ρh
,ρ
λσ − 2hσλ,ρhρλ,σ
)]
(5.7)
Now in order to expand the extended gravity part of the pseudo-tensor (4.10) to second order
in h, it is sufficient to consider the following terms approximated to h2 in harmonic gauge(
2a0R+
p∑
k=1
ak
kR
)
∂R
gµν,ηλ
gµν,λα
h2
h.g.
=
1
4
(
p∑
k=0
ak
k+1h
)
h,ηα +
1
4
a0h
,η
αh (5.8)
− ∂λ
[
√−g
(
2a0R+
p∑
k=1
ak
kR
)
∂R
∂gµν,ηλ
]
gµν,α
h2
h.g.
= a0h,λ
(
hλη − ηηλh)
,α
+
1
2
p∑
k=1
ak
k+1h,λ
(
hλη − ηληh)
,α
(5.9)
p∑
h=1
2h+1∑
q=0
(−1)q ∂i0···iq
[√−gahR ∂hR
∂gµν,ηi0···iq
]
gµν,α
h2
h.g.
=
1
2
p∑
h=1
ah
h+1h,λ
(
hηλ − ηηλh)
,α
+ (Ap)
η
α
(5.10)
p∑
h=1
2h∑
j=0
2h+1∑
m=j+1
(−1)j ∂i0···ij
[√−gahR ∂hR
∂gµν,ηi0···im
]
gµν,ij+1···imα
h2
h.g.
=
1
4
p∑
h=1
ahh
hh,ηα
+
1
2
1∑
h=0
p−1+h∑
j=h
p∑
m=j+1−h
(−1)h amm−j
(
hηλ − ηηλh)
,ihα

j+1−hh ih,λ + (Bp)
η
α
(5.11)
given that to lower order in h we have:(
∂R
∂gµν,ηλ
)(0)
=
1
2
(
gµηgνλ + gµλgνη − 2gµνgηλ)(0) = 1
2
(
ηµηηνλ + ηµληνη − 2ηµνηηλ) (5.12)
(
∂R
∂gµν,ηλ
)(0)
(gµν,λα)
(1)
=
(
h
λη
,λα − h,ηα
)
=
(
hλη − ηηλh)
,λα
h.g.
= −1
2
h,ηα (5.13)
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(
∂R
∂gµν,ηλ
)(0)
(gµν,α)
(1) =
(
hλη − ηηλh)
,α
(5.14)
(
∂hR
∂gµν,ηi0···im
)(0)
=
(
∂hR
∂gµν,ηi0···iq
)(0)
=
(
∂hR
∂gµν,ηi0···i2h+1
)(0)
= ηi2i3 · · · ηi2hi2h+1 (ηµi1ηνη − ηµνηηi1)+ · · · (5.15)
In Eqs. (5.10), (5.11) and (5.15), we explicitly calculated only the term deriving from (A.1) without
considering the index permutations (µν) and (ηi1 · · · i2h+1). This because, taking into account terms
obtained from permutations in (Ap)
η
α
and (Bp)
η
α
, averaged on a suitable spacetime region, we obtain
that are equal to zero as we will see below. This mathematical trick is essential to calculated the
averaged gravitational energy-momentum pseudo-tensor and the emitted power.
Finally, by substituting equalities (5.8), (5.9), (5.10) and (5.11) into (4.10), we obtain the further
extended gravity term of pseudo-tensor τηα to second order, that we call τ˜
η
α, it is
τ˜ηα
h2
=
1
2χ
{
1
4
(
p∑
k=0
ak
k+1h
)
h,ηα +
1
2
p∑
t=0
at
t+1h,λ
(
hηλ − ηηλh)
,α
+
1
2
1∑
h=0
p∑
j=h
p∑
m=j
(−1)h amm−j
(
hηλ − ηηλh)
,αih

j+1−hh ih,λ
+
1
4
p∑
l=0
al
l (h,ηα −hδηα)h+Θ[1,+∞[ (p)
[
(Ap)
η
α
+ (Bp)
η
α
]}
(5.16)
where we have used the conventions:
(),αi0 = (),α h
i0
,λ = h,λ
Summing up we can split the total energy-momentum pseudo-tensor in the General Relativity part
and in the Extended Gravity part, that is
τηα
h2
= τη
α|GR + τ˜
η
α (5.17)
As simple examples of corrections related to τ˜ηα, let us consider the cases where the index p runs
up to 0 and up to 1.
For p = 0, it is Lg =
(
R+ a0R
2
)√−g as in the case discussed in [27]. We have
τηα
h2
= τη
α|GR + τ˜
η
α
with
τ˜ηα
h2
=
a0
2χ
(
1
2
h,ηαh+ h
η
λ,αh
,λ − h,αh,η − 1
4
(h)
2
δηα
)
(5.18)
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For p = 1, that is Lg =
(
R+ a0R
2 + a1RR
)√−g, one gets
τηα
h2
= τη
α|GR + τ˜
η
α
where
τ˜ηα
h2
=
1
2χ
{
1
4
(
2a0h+ a1
2h
)
h,ηα +
1
2
(
2a0h,λ + a1
2h,λ
) (
hηλ − ηηλh)
,α
+
1
2
a1
(
hηλ − ηηλh)
,α
h,λ +
1
2
a1
(
hηλ − ηηλh)
,α

2h,λ − 1
2
a1
(
hηλ − ηηλh)
,σα
h σ,λ
+
1
4
a1h
,η
αh−
1
4
δηα
[
a0 (h) + a1
(

2h
)]
h+ (A1)
η
α + (B1)
η
α
} (5.19)
Clearly, the iteration can be performed to any p introducing new contributions into dynamics.
6 Averaging the energy-momentum pseudo-tensor
Let us now consider the solutions of the linearized field equations in the weak-field limit in
vacuum coming from the dynamics given by (4.1). From a physical point of view, such solutions
are extremely important in order to calculate quantities related to the gravitational radiation. In
general, it is
hµν (x) =
p+2∑
m=1
∫
Ω
d3k
(2π)
3 (Bm)µν (k) e
i(km)αx
α
+ c.c. (6.1)
where
(Bm)µν (k) =


Cµν (k) for m = 1
1
3
[
ηµν
2 +
(km)µ(km)ν
k2
(m)
]
Am (k) for m ≥ 2
(6.2)
Here "c.c." stands for the complex conjugate. The trace is
(Bm)
λ
λ (k) =
{
Cλλ (k) for m = 1
Am (k) for m ≥ 2
(6.3)
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and kµm = (ωm,k) with k
2
m = ω
2
m − |k|2 = M2 where k21 = 0 and k2m 6= 0 for m ≥ 2. At fixed k, we
obtain the following relations:
h η,α =2Re


p+2∑
j=1
(−1) (kj)α (kj)η Ajeikjx



mh,λ =2Re

(−1)m i
p+2∑
j=1
(kj)λ
(
k2j
)m
Aje
ikjx



q
(
hηλ − ηηλh)
,α
=2Re
{
(−1)q i
p+2∑
l=1
(kl)α
(
k2l
)q [
(Bl)
ηλ − ηηλ (Bl)ρρ
]
eiklx
}

mh σ,λ =2Re

(−1)m+1
p+2∑
j=1
(kj)λ (kj)
σ (
k2j
)m
Aje
ikjx



q
(
hηλ − ηηλh)
,σα
=2Re
{
(−1)q+1
p+2∑
l=1
(kl)σ (kl)α
(
k2l
)q [
(Bl)
ηλ − ηηλ (Bl)ρρ
]
eiklx
}

nh =2Re
{
(−1)n
p+2∑
r=2
(
k2r
)n
Are
ikrx
}
(6.4)
By using the following identities:
Re{f}Re{g}= 1
2
Re{fg}+ 1
2
Re{f g¯} (6.5)
(kl)λ
[
(Bl)
ηλ − ηηλ (Bl)ρρ
]
= − (kl)
η
2
Al (6.6)
we can average the energy-momentum pseudo-tensor τηα over a region of spacetime Ω such that
|Ω| ≫ 1|k| [37]. It is worth noticing that all integrals, including terms like ei(ki−kj)αx
α
, approach to
zero. If we assume the harmonic gauge, after averaging and some algebra, we get (see Appendix
A):
〈

mh,λ
q
(
hηλ − ηηλh)
,α
〉
=(−1)m+q+1
p+2∑
l=2
(kl)α (kl)
η (
k2l
)(m+q) |Al|2
〈

mh σ,λ
q
(
hηλ − ηηλh)
,σα
〉
=(−1)m+q+1
p+2∑
l=2
(kl)α (kl)
η (
k2l
)(m+q)+1 |Al|2
〈qh,ηαmh〉 =2 (−1)m+q+1
p+2∑
r=2
(kr)α (kr)
η (
k2r
)(m+q) |Ar|2
〈mhh〉 =2 (−1)m+1
p+2∑
j=2
(
k2j
)m+1 |Aj |2
〈(Ap)ηα〉 =〈(Bp)ηα〉 = 0
(6.7)
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A base for the linearized solutions hµν is given in Appendix B. Using these equalities, we can
calculate the average value of the energy momentum pseudo-tensor :
〈τηα〉 =
1
2χ
[
(k1)
η
(k1)α
(
CµνC∗µν −
1
2
|Cλλ |2
)]
+
1
2χ

(−1
6
) p+2∑
j=2
(
(kj)
η (kj)α −
1
2
k2j δ
η
α
)
|Aj |2


+
1
2χ
{[
p∑
l=0
(l + 2) (−1)l al
p+2∑
j=2
(kj)
η
(kj)α
(
k2j
)l+1 |Aj |2
]
−1
2
p∑
l=0
(−1)l al
p+2∑
j=2
(
k2j
)l+2 |Aj |2δηα
}
(6.8)
where, as above, χ =
8πG
c4
. Assuming the TT gauge for the first mode concerning k1 and only
harmonic gauge for residual modes km, it is:{
(k1)µ C
µν = 0 ∧ Cλλ = 0 if m = 1
(km)µ (Bm)
µν = 12 (Bm)
λ
λ k
ν if m ≥ 2 (6.9)
With these considerations in mind, we can consider a gravitational wave traveling in the +z-
direction at k fixed, with 4-wave vector given by kµ = (ω, 0, 0, kz) where ω
2
1 = k
2
z if k
2
1 = 0 and
k2m = m
2 = ω2m − k2z otherwise with kz > 0. Therefore we get the averaged tensorial component
〈
τ30
〉
=
c4
8πG
ω21
(
C211 + C
2
12
)
+
c4
16πG
[(
−1
6
) p+2∑
j=2
ωjkz|Aj |2
+
p∑
l=0
(l + 2) (−1)l al
p+2∑
j=2
ωjkzm
2(l+1)
j |Aj |2
]
(6.10)
As an application of these results, we can compute the emitted power per unit solid angle Ω,
radiated in a direction xˆ at a fixed k. Under a suitable gauge, it is:
dP
dΩ
= r2xˆi
〈
τ i0
〉
(6.11)
Specific cases can be considered according to the index p of the pseudo-tensor (5.16). We have the
cases
p=0
〈
τ30
〉
=
c4ω21
8πG
[
C211 + C
2
12
]
+
c4
16πG
{(
−1
6
)
ω2|A2|2kz + 2a0ω2m22|A2|2kz
}
16
p=1
〈
τ30
〉
=
c4ω21
8πG
[
C211 + C
2
12
]
+
c4
16πG
{(
−1
6
)(
ω2|A2|2 + ω3|A3|3
)
kz
+ 2a0
[(
ω2m
2
2|A2|2 + ω3m23|A3|2|2
)
kz
]− 3a1 [(ω2m42|A2|2 + ω3m43|A3|2) kz]
}
(6.12)
p=2
〈
τ30
〉
=
c4ω21
8πG
[
C211 + C
2
12
]
+
c4
16πG
{(
−1
6
)(
ω2|A2|2 + ω3|A3|3 + ω4|A4|2
)
kz
+ 2a0
[(
ω2m
2
2|A2|2 + ω3m23|A3|2 + ω4m24|A4|2
)
kz
]
− 3a1
[(
ω2m
4
2|A2|2 + ω3m43|A3|2 + ω4m44|A4|2
)
kz
]
+ 4a2
[(
ω2m
6
2|A2|2 + ω3m63|A3|2 + ω4m64|A4|2
)]}
(6.13)
where we have explicitly indicated the coupling χ. By a rapid inspection of the above formulas,
it is clear that the first term is the General Relativity contribution while the corrections strictly
depends on p. In any context where corrections to General Relativity can be investigated, this
approach could constitute a paradigm to search for higher order effects.
7 Conclusions
Corrections to the standard Hilbert-Einstein Lagrangian and, in particular nonlocal terms, are
gaining more and more interest in view of addressing gravitational phenomena at ultraviolet and
infrared scales. However most of the main features of General Relativity should be retained to get
self-consistent theories. In particular, the properties of the gravitational energy momentum tensor
need a detailed consideration in view of both foundation and applications of any gravitational
theory.
Here, we derived the gravitational energy momentum tensor τηα for a general Lagrangian of
the form L = L (gµν , gµν,i1 , gµν,i1i2 , gµν,i1i2i3 , · · · , gµν,i1i2i3···in) of any order in metric derivatives,
showing that it is, in general, a pseudo-tensor . In particular, we considered a Lagrangians like
Lg = (R + a0R
2 +
∑p
k=1 akR
kR)
√−g, in the weak field limit up to the order h2 in metric
perturbations. Under suitable gauge conditions, we averaged it over a suitable four-dimensional
domain. The averaged tensor (6.8) depends on the free parameters am and p, on the amplitudes
Aj (k), C11 (k) and C22 (k) other then on the wave numbers k
2
m = M
2 that, in turn, are linked to
am. As a general result, the gravitational wave (6.1) associated with higher order Lagrangians can
be expressed, under a suitable gauge choice for a wave propagating along the +z-direction, in terms
of six polarization tensors (see Appendix B) as
hµν (t; z) = A
(+) (t− z) ǫ(+)µν +A(×) (t− z) ǫ(×)µν +A(TT ) (t− vGmz) ǫ(TT )µν
+A(TS) (t− vGmz) ǫ(TS)µν +A(1) (t− vGmz) ǫ(1)µν +A(L) (t− vGmz) ǫ(L)µν (7.1)
where vGm is the group velocity of the mth massive mode (see also [23, 25]). By using the total
conservation of gravitational and matter energy momentum tensor (2.23), the amplitudes Aj (k),
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C11 (k) and C22 (k) and then the averaged gravitational tensor (6.8) can be expressed in terms of
components of matter energy momentum tensor T µν (as T 00) and then to the source generating
gravitational waves. In principle, it would be possible to find the gravitational power emitted by a
local astrophysical source in slow-motion approximation in terms of T 00, and then observationally
fix the range of parameters am and p of compatible models. The decreasing of timing of the Hulse-
Taylor binary pulsar [38] is an example in this sense. See also [39, 40] for f(R) gravity. This
procedure could lead to fix the derivative degree 2p+ 4 of the theory of gravity [36, 41] and could
constitute a test bed for any Extended Theory of Gravity2. In general, this procedure allows to
investigate additional polarization states of gravitational waves apart the standard polarizations
ǫ
(+)
µν and ǫ
(×)
µν of General Relativity. Furthermore, the pseudo-tensor 〈τηα〉 depends on k2m which
are related to massive modes: this fact could enable to fix lower and upper limits for massive
modes. Finally, considering the average value 〈τηα〉, it is possible to calculate the power carried
by gravitational waves emitted by a binary black hole merger and to compare the results with
measurements already performed by LIGO-VIRGO collaboration [42]. Specifically, this procedure
allows to fix the degree 2p+4 of the theory and may provide the "signature" for further polarizations.
In a forthcoming paper, astrophysical applications of the above results will be considered.
As a final remark, it is important to emphasize again that the gravitational energy momen-
tum tensor τηα is a pseudo-tensor. This object, as the affine connections Γ
µ
νλ, behaves like tensor
components only under linear coordinate transformations but not under the general group of coor-
dinate transformations. Even if the class of diffeomorphisms is more general than the one of affine
transformations, that is affinities are a subset of diffeomorphisms, the set of affine objects in more
general than the one of covariant objects: this means that an object that behaves like a tensor under
general diffeomorphism behaves as a tensor also under affine transformations while the reverse is
not always true. In other words, the pseudo-tensor τηα loses the general covariance although it is
defined starting from covariant objects. This fact is related to the presence of partial derivatives
of the metric tensor that are not tensors. Finally, the affine properties of the gravitational energy
momentum pseudo-tensor could be relevant to discriminate between the teleparallel and metric
formulations of theories of gravity. For a detailed discussion of this point see Ref.[43].
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A The average of 〈(Ap)ηα〉 and 〈(Bp)ηα〉 terms
Let us now demonstrate the last two relations in (6.7), that is 〈(Ap)ηα〉 = 〈(Bp)ηα〉 = 0. The
general formula for hR -derivative, taking into account symmetries of gµν and its derivatives, is
2It is worth noticing that the index p = 0 gives, in general, a fourth-order theory like f(R). The only second-order
theory is the General Relativity which is the particular case f(R) = R.
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[41]:
∂hR
∂gµν,ηi1···i2h+1
= gj2j3 · · · gj2hj2h+1gabgcd
{
δ(µa δ
ν)
d δ
(η
c δ
i1
b δ
i2
j2
· · · δi2hj2hδ
i2h+1)
j2h+1
− δ(µa δν)b δ(ηc δi1d δi2j2 · · · δi2hj2hδ
i2h+1)
j2h+1
}
(A.1)
We have to verify the condition 〈(Bp)ηα〉 = 0. Inserting (A.1) in the l.h.s. of (5.11) that, in the
weak field limit up to the order h2 becomes
p∑
h=1
2h∑
j=0
2h+1∑
m=j+1
(−1)j ∂i0···ij
[√−gahR ∂hR
∂gµν,ηi1···im
]
gµν,ij+1···imα
h2
=
p∑
h=1
2h∑
j=0
(−1)j √−g(0)ah∂i0···ijR(1)ηj2j3 · · · ηj2hj2h+1ηabηcd
{
δ(µa δ
ν)
d δ
(η
c δ
i1
b δ
i2
j2
· · · δi2hj2hδ
i2h+1)
j2h+1
− δ(µa δν)b δ(ηc δi1d δi2j2 · · · δi2hj2hδ
i2h+1)
j2h+1
}
hµν,ij+1···i2h+1α
=
p∑
h=1
2h∑
j=0
(−1)j ah∂i0···ijR(1)Q (ηi1···i2h+1)(µν) hµν,ij+1···i2h+1α (A.2)
with
Q
(ηi1···i2h+1)
(µν) =
1
2! (2h+ 2)!
∑
µν∈σ(µν)
ηi1···i2h+1∈σ(ηi1···i2h+1)
Q ηi1···i2h+1µν
and
Q
(ηi1···i2h+1)
(µν) = δ
(η
(µδ
i1
ν)η
i2i3 · · · ηi2hi2h+1) − η(µν)η(ηi1ηi2i3 · · · ηi2hi2h+1)
where σ(µν) and σ(ηi1 · · · i2h+1) represent the set of index permutations in the brackets. Averaging
(A.2) by fixing k over a suitable spacetime region adopting a harmonic gauge, we get
〈
p∑
h=1
2h∑
j=0
(−1)j ah∂i0···ijR(1)Q (ηi1···i2h+1)(µν) hµν,ij+1···i2h+1α〉
=
p∑
h=1
2h∑
j=0
1
2! (2h+ 2)!
(−1)j ah
∑
µν∈σ(µν)
ηi1···i2h+1∈σ(ηi1···i2h+1)
〈∂i0···ijR(1)Q ηi1···i2h+1µν hµν,ij+1···i2h+1α〉
(A.3)
The average of (A.3) is independent of index permutations in the lower and upper cases ofQ
ηi1···i2h+1
µν ,
that is
〈∂i0···ij
(
−1
2
h
)
Q ηi1···i2h+1µν h
µν
,ij+1···i2h+1α
〉 = 1
2
p+2∑
m=2
(−1)j+h (k2m)h+1 (km)η (km)α |Am|2 (A.4)
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By substituting (A.4) in (A.3), we get
〈
p∑
h=1
2h∑
j=0
2h+1∑
m=j+1
(−1)j ∂i0···ij
[√−gahR ∂hR
∂gµν,ηi1···im
]
gµν,ij+1···imα〉
h2
=
p∑
h=1
2h∑
j=0
(−1)j ah
p+2∑
m=2
(−1)j+h (k2m)h+1 (km)η (km)α |Am|2
=
p∑
h=1
p+2∑
m=2
(
h+
1
2
)
ah (−1)h
(
k2m
)h+1
(km)
η
(km)α |Am|2 (A.5)
Averaging the right term in (5.11), we have
〈1
4
p∑
h=1
ahh
hh,ηα +
1
2
1∑
h=0
p−1+h∑
j=h
p∑
m=j+1−h
(−1)h amm−j
(
hηλ − ηηλh)
,ihα

j+1−hh ih,λ 〉
=
p∑
h=1
p+2∑
m=2
(
h+
1
2
)
ah (−1)h
(
k2m
)h+1
(km)
η
(km)α |Am|2 (A.6)
Finally, by averaging in the weak field limit Eq. (5.11) and from (A.5) and (A.6), we obtain:
〈(Bp)ηα〉 = 0 (A.7)
A similar argument gives 〈(Ap)ηα〉 = 0. It is
〈
p∑
h=1
2h+1∑
q=0
(−1)q ∂i0···iq
[√−gahR ∂hR
∂gµν,ηi1···iq
]
gµν,α〉
h2
=
1
2
p∑
h=1
p+2∑
m=2
ah (−1)h+1
(
k2m
)h+1
(km)
η
(km)α |Am|2 (A.8)
〈1
2
p∑
h=1
ah
h+1h,λ
(
hηλ − ηηλh)
,α
〉 h
2
=
1
2
p∑
h=1
p+2∑
m=2
ah (−1)h+1
(
k2m
)h+1
(km)
η
(km)α |Am|2 (A.9)
and then averaging Eq. (5.10) on the l.h.s. and r.h.s., in the weak field limit, we have
〈(Ap)ηα〉 = 0 (A.10)
that completes our demonstration.
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B The polarizations of gravitational waves
The six polarizations in the solution (7.1) can be defined in a suitable matrix base. It is
ǫ(+)µν =
1√
2


0 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 0

 ǫ(×)µν = 1√2


0 0 0 0
0 0 1 0
0 1 0 0
0 0 0 0


ǫ(TT)µν =


1 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

 ǫ(TS)µν = 1√2


0 0 0 1
0 0 0 0
0 0 0 0
1 0 0 0


ǫ(1)µν =
1√
2


0 0 0 0
0 1 0 0
0 0 1 0
0 0 0 0

 ǫ(L)µν =


0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 1


The + and × are the two standard of General Relativity. The other are related to the position of
non-null terms with respect to the trace (T). See also [25] for another derivation in fourth order
gravity.
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